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Recently, Tusheng Zhang kindly pointed out to us a mistake in the proof of Lemma 2.2
in [9]. A counter-example was provided by him as follows: Let Ω := [0, 1], F := B([0, 1])
and P := dx , the Lebesgue measure. One defines a process
X t (ω) := 1
(t − ω)2 , ω ∈ Ω , t ≥ 0.
It is clear that X t (ω) ∧ n is continuous for each n > 0. However, there is no continuous
modification to t 7→ X t (ω). Since Lemma 2.2 in [9] is only used to prove the injectivity of
x 7→ X t (x, ω), we need to give a corrected proof for Theorem 3.3 in [9]. The applications of
Theorem 4.1 in [9] can be found in [1,2,5,6].
Consider the following stochastic differential equation (SDE):{
dX t = σ(t, X t ) dwt + b(t, X t ) dt,
X0 = x ∈ Rd , (1)
where σ : R+ × Rd 7→ Rd × Rm and b : R+ × Rd 7→ Rd satisfy
‖σ(t, x)− σ(t, y)‖2 ≤ C1‖x − y‖2 · log(‖x − y‖−1 + e), (2)
‖b(t, x)− b(t, y)‖ ≤ C2‖x − y‖ · log(‖x − y‖−1 + e), (3)
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for all (t, x, y) ∈ R+×Rd ×Rd , and wt is an m-dimensional standard Brownian motion defined
on some complete probability space (Ω ,F, P). Here the stochastic integral is understood as Itoˆ’s
integral.
Yamada and Ogura [8, Remark 2.2] proved the following non-contact property (see also [2]):
x 6= y ⇒ P {ω : X t (x, ω) 6= X t (y, ω), for all t > 0} = 1. (4)
This property can be strengthened to:
Theorem 1. Under (2) and (3), there exists a T0 := T (d,C1,C2) > 0 such that
P {ω : X t (x, ω) 6= X t (y, ω), for any x 6= y and all t ∈ [0, T0]} = 1.
In particular, for almost all ω, Rd 3 x 7→ X t (x, ω) ∈ Rd is a continuous injection for each
t ∈ [0, T0].
Applying Kolmogorov’s criterion, this theorem follows from Lemma 3.1 in [9] and Lemma 2
below. The details are given in Kunita [4] and Huang [3].
Lemma 2. For any p ≥ 2, there exist constants T0 := T (p,C1,C2) > 0, C3 := C(p) > 0 and
C4 := C(p, T0) > 0 such that for all x, y ∈ Rd and t ∈ [0, T0]
E‖X t (x)− X t (y)‖−p ≤ C4(‖x − y‖−2p + C3).
In particular, non-contact property (4) holds.
Proof. Set Z t := X t (x)− X t (y). Assume that ‖x − y‖ ≥ ε > 0. Put τε := inft {‖Z t‖ < ε}. By
Itoˆ’s formula, we have
‖Z t∧τε‖−p = ‖Z0‖−p +
∫ t∧τε
0
‖Zs‖−p(dξs + ηs ds),
where
dξs := −p
∑
i, j
‖Zs‖−2Z is(σ ij (s, Xs(x))− σ ij (s, Xs(y))) dw js
ηs := −p
∑
i
‖Zs‖−2Z is(bi (s, Xs(x))− bi (s, Xs(y)))
− 1
2
p‖Zs‖−2 · ‖σ(s, Xs(x))− σ(s, Xs(y))‖2
+ 1
2
p(2+ p)‖Zs‖−4‖[σ ∗(s, Xs(x))− σ ∗(s, Xs(y))]Zs‖2.
By conditions (2) and (3), we know that ξt∧τε +
∫ t∧τε
0 ηs ds is a continuous semimartingale. So
by [7, Proposition 2.3, p. 361], we have
‖Z t∧τε‖−p = ‖x − y‖−p exp
{
ξt∧τε −
1
2
〈ξ〉t∧τε +
∫ t∧τε
0
ηs ds
}
.
Thus by Ho¨lder’s inequality,
E‖Z t∧τε‖−p = ‖x − y‖−pE
(
exp
{
ξt∧τε −
1
2
〈ξ〉t∧τε +
∫ t∧τε
0
ηs ds
})
≤ ‖x − y‖−p (E exp {2ξt∧τε − 2〈ξ〉t∧τε})1/2
×
(
E exp
{
〈ξ〉t∧τε + 2
∫ t∧τε
0
ηs ds
})1/2
.
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By conditions (2) and (3), it is easy to see that
〈ξ〉t∧τε + 2
∫ t∧τε
0
ηs ds ≤ 2p(C1(p + 1)+ C2)
∫ t∧τε
0
log(‖Zs‖−1 + e) ds.
Letting T0 := 12(C1(p+1)+C2) , by Jensen’s inequality we obtain that for t ∈ [0, T0]
exp
{
〈ξ〉t∧τε + 2
∫ t∧τε
0
ηs ds
}
≤ exp
{
1
T0
∫ T0
0
log(‖Zs‖−1 + e)p·1{s<t∧τε } ds
}
≤ 1
T0
∫ T0
0
(‖Zs‖−1 + e)p·1{s<t∧τε } ds
≤ 2
p−1
T0
∫ t
0
‖Zs∧τε‖−p ds + 2p−1ep + 1.
Finally, since exp
{
2ξt∧τε − 2〈ξ〉t∧τε
}
is an exponential martingale, we have
E‖Z t∧τε‖−p ≤ ‖x − y‖−2p + E exp
{
〈ξ〉t∧τε + 2
∫ t∧τε
0
ηs ds
}
≤ ‖x − y‖−2p + 2p−1ep + 1+ 2
p−1
T0
∫ t
0
E
(‖Zs∧τε‖−p) ds.
Gronwall’s inequality yields that
E‖Z t∧τε‖−p ≤ C4(‖x − y‖−2p + C3).
Letting ε ↓ 0 gives the desired estimates. 
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